Generating Bragg solitons in a coherent medium 
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In this Letter we discuss the possibility of producing Bragg soHtons in an electromagnetically 
induced transparency medium. We show that this coherent medium can be engineered to be a 
Bragg grating with a large Kerr nonlinearity through proper arrangements of light fields. Unlike 
in previous studies, the parameters of the medium can be easily controlled through adjusting the 
intensities and detunings of lasers. Thus this scheme may provide an opportunity to study the 
dynamics of Bragg solitons. And doing experiments with low power lights is possible. 
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PACS numbers: 42.65.Tg, 42.50.Gy 



Light propagating in a periodic medium is associ- 
ated with many interesting phenomena. A fundamen- 
tal change introduced by this periodicity is a forbidden 
band gap in the transmission spectrum. Light can not 
transmit in this medium if its frequency falls into the 
band gap. However if the medium has some nonlinear- 
ity, in some cases light can transmit in it even though 
its frequency lies within the forbidden frequency band. 
An important example is that a periodic medium with 
Kerr nonlinearity may support a kind of solitary waves 
called Bragg solitons This kind of solitons was firstly 
studied by Chen and Mills and later by many other 
researchers d i, i, H, S Hi . Some experiments in nonlin- 
ear optical fibers were reported^, [l^]- In these experi- 
ments very high peak intensities were required because 
of the small value of the nonlinear coefficient. 

On the other hand, electromagnetically induced trans- 
parency (EIT) is another fascinating phenomenon [Tlj . 
An optical opaque medium is rendered to be transpar- 
ent for a probe light by a coupling field in a small fre- 
quency window. One important property is that in the 
same spectral region where there is a high degree of trans- 
mission the nonlinear response x^^^ displays constructive 
interference, i.e., its value at resonance could be very 
large. This effect is also termed as giant Kerr effect 
Another attractive application is that one can make a 
controllable photonic band gap bv properly arranging 
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coupling lights [H, [11 [H, H [13 • 

In this Letter we try to combine these two applications. 
We will show that through a proper geometric configura- 
tion one can make an EIT medium to have both a tunable 
photonic band gap and a large Kerr nonlinearity. We pro- 
pose a scheme to generate Bragg solitons in this medium 
with relatively low light power. Furthermore, unlike in 
the previous studies, the parameters of the medium can 
be easily controlled through adjusting the intensities and 
detunings of lasers. Thus this scheme may provide an 
opportunity to study the dynamics of gap solitons. 

First consider an ensemble of atoms with energy dia- 
gram shown in Fig. 1. A probe laser with frequency ojp 
is near resonant with transitions |1) ^ |3) and |2) ^ |4) 
(Here we assume lo^ — oji ~ — 0^2) • The corresponding 
Rabi frequencies are f2p and f2p' respectively. A coupling 
field with frequency uJc and Rabi frequency is tuned 
to 1 2) ^ 1 3) transition. And a controlling field with fre- 
quency ojs is tuned to |2) ^ |5) transition. 

Fig.l 

The nonlinear coefficient of the system can be obtained 
by calculating the coupled amplitude equations in the 
perturbative regime p^. The susceptibility at the probe 
frequency is, 
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whereAi = cjp — ujj,i, A2 = o^c — 1-LI32, A4 = ujp — UJ42, ity has three components x(-'-^(cjp), x''^\^p't^s,—^stI^p) 
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^Fs. F2, Fa, F4and F5 are relaxation rates for energy (A, (5)<<(A42, A52) we have, 



level 2, 3, 4 and 5 respectively. Kq — pj^ial /?ieo, 
p is the density of the atoms. Here we assume that 
(F3, F4, F5, \nc\)M\^pl \^P'\)- This susceptibil- 
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where Ki = pl/x^sl^ |^24l^ /^o^"^- Eq. pi3p governs the 
response of the medium to the incident probe field. An 
important problem about practical concern is that ab- 
sorption of the medium to probe light must be kept small. 
Note when |ilc|^ > r2r3, there is transparent window 
near the two photon resonance. The width of the trans- 



where 



parent window is given by Auifrans - r2 nrrj 

i 3 Vpf^-L 

a — 3A^/27r is the absorption cross section of an atom 
and L is length of the sample. If we choose a u>p inside 
this window, the probe field will experience a negligible 
small absorption while the medium still maintains a large 
Kerr nonlinearity. Fig. 2 gives the real and imaginary 
part of Xa ^^'^ X*''^^ • We can see near the two-photon res- 
onance absorptions are quite small, while Re(x''^') has a 
relative large value. 

Fig.2 

Next we concentrate on engineering a medium, which 
has a periodic refraction index and a Kerr nonlinear- 
ity. Consider geometric configuration shown in Fig. 
1(b). Ep and Ec are co-propagating probe and cou- 
pling fields. A standing wave is formed by E^f and 
Esi,- So fls is spatially modulated and has the form 
|r2s(r)|^ — fliCos^{ks ■ r), where kg is wave vector of 
the controlling field. A proper angle between Ep and Eg 
is chosen so that kg cos (f) = fc^ w fcp is fulfilled. This 
angle is small when the wavelengths of probe field and 
controlling field are close. Under this assumption we can 
work with a simplified ID model. We choose the direc- 
tion of wave propagation as z axis. Substitute ^siz) into 



and noting 



1 -|- X: we have 
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4 45AA52-A52IO.F- Thus wc obtain a Bragg grat- 
ing with a Kerr nonlinearity. The modulation depth 
of Xa is controlled by fii. And the amplitude of 
X^^\ujp',LOp,—ujp^L0p) can be controlled by Oc and A42. 
As a result of Floquet-Bloch theorem the periodic 
refraction index should produce a band gap in the 



transmission spectrum known as photonic band gap. 
However there are two important differences between 
this Bragg grating and the traditional grating formed 
in an optical fiber. The first one is that the refraction 
index and modulation depth is strongly frequency 
dependent. The second one is the effect of absorption 
should be taken into account. Generally speaking the 
absorption can make the edge of the band gap blur or 
even vanish [20| . We can see this effect more clearly 
from the numerical result that follows. We use the 
transfer matrix method to get the reflection coefficient 
and the dispersion relation [2l| . 

Fig.?, 



Fig. 3 is the calculated reflectivity of the sample and 
dispersion relation. We can see there is a band gap in- 
side the KIT window. The width of the band gap is 
much less than the traditional case because of the fre- 
quency dependence of Xa ^^-d 5x- This is not surprising. 
The modulation of refraction index comes from the inter- 
action between atoms with light fields, when the probe 
light is far off resonant this modulation should disappear. 
Therefore strong refraction index modulation exists only 
in the vicinity of Ai = where two-photon detuning is 
small. Consequently the band gap is considerably nar- 
rowed. Note the edges of the gap are blurred due to small 
absorption. As a comparison we also give the reflectiv- 
ity and dispersion relation when absorption is not taken 
into account. From the discussion above we can conclude 
that a relatively strong coupling field is needed for the 
photonic band gap to survive. 

Now we will consider the propagation of light with fre- 
quency near or falls into the band gap. The propagation 
of probe light is governed by Maxwell equations. 



dz"^ 



= 0. 
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Decompose Ep into a forward and backward wave, i.e., 
Ep = A+{z,t)e'^'''''-'^'''^ + A^{z,t)e~'^'''''-'^'''\ (6) 

where A+(z, t) and E- (z, t) are the envelopes of forward 
and backward waves respectively, kp = noujp/c is the 
wave vector. Substitute Eq. ^ into Eq. ([S]). After ap- 
plying slowly varying envelopes approximation and ex- 
panding Xa^ s-nd X^^"^ around Up, we have. 



d,A++v;'dtA+-iKe-^'^^'''A^~ij{\A+f + 2\A^f)A+ = 0, (7) 
-d,A_+v-^dtA_~tKe^''^'''A+~t-f{\A^f + 2\A+\^)A^ = 0, (8) 
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where, Afc = fc, - fc^, v, = + i^|§)-\ ^ = ^^p, 7 = ^,X^'^ ■ We also used 6x»^»^, X^'^ » ^ 
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in deriving Eq. Vg is group velocity of the light pulse 
inside the medium without the light induced grating, k 
is coupling strength between the front propagating wave 
v4+ and back propagating wave A- . 7 represents the 
self phase modulation (SPM) and cross phase modula- 
tion (XPM) due to Kerr nonlincarity. This coupled mode 
equation has been studied extensively. These equations 
are related to the well known massive Thirring model 
of quantum field theory. Although it is non-integrable 
when the SPM term is non-zero, shape-persevering soli- 
tary waves can still be obtained[5]. The solution is, 
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This solution represents a two-parameter family of Bragg 
solitons. The parameter u is in the range —l<v<l, 
while the parameter ip can be chosen anywhere in the 
range Q < 'ip < ti. The velocity of the Bragg soliton is 
given by Vg = yvg. 

The scenario here is quite different from that in non- 
linear fiber gratings. In fibers the group velocity Vg is 
always comparable with c. But in our case there is a 
strong normal dispersion near the two-photon resonance 
beside the dispersion induced by the grating. So Vg can 
be considerably less than c. The ultra slow group ve- 
locity will cause the width of the band gap to decrease 
sharply because the band gap width Aw is given by 
2 \vgK\. When there is no Kerr nonlincarity, the group ve- 
locity and the group velocity dispersion (GVD) are given 
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where 



Slo — Vg'^{iLJ — uip). Here the GVD is enhanced due to the 
small Vg. 

Now we will discuss under what conditions would we 
observe the optical solitary waves in a cold atomic clouds. 
The low power limit (7P0 ^) is of particular interest 
because in this limit the coupled-mode equations reduced 
to the nonlinear Schrodinger equation (NLS), where Pq is 
the peak power of the pulse propagating inside the grat- 
ing. In this case the Bragg soliton is actually reduced 
to the fundamental NLS solitons and is found to be sta- 
ble. We take some typical values for an ^^Rb atom in 
our estimation. = 2.5 x lO^^^C-m, N ~ lO^^cm^'^, 
Fa = O.OI7,, Fa = r4 - Fs = 7a, Ai = A2 = 0, 
A4 = 57,, As = 2O7,, = IO7, and = 107a 
where 7^ = 6MHz. The results are Vg « 4200m/s, 
K w — 2600m~^, 7 w — 0.60m/W. In order to form a 
band gap, |k| L > 2 is required. This can be trivially ful- 
filled since the typical size of the atomic cloud is about 



1 ~ 5mm corresponding to |k| L = 2.6 ~ 13. The width 
of the band gap is about 0.67^. Since the bandwidth of 
the input pulse should be much less than the width of 
the band gap, we can also estimate the minimum width 
of the input pulse TpwHN » 1/Ai^ = 0.29/is. The pos- 
sibility of observing Bragg solitons dep ends on the soliton 
order iVg and the soliton period zq [23] . These parameters 

lr> ^2 rn2 2 2 2 2rn2 
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2(1-1/2)3/2 , 



are given by N"^ 

where Tq is related to the FWHM of the input pulse 
as TpwHM — l.TGTo. A Bragg soliton can form only if 
iVs > 5. So the peak power Pin required to excite the 
fundamental Bragg soliton can be estimated through re- 
lation Pi, 



—FT, — irr-i — • Here we use P^ — Pnv. An- 
other important parameter is zq since it sets the length 
scale over which optical soliton evolve. It gives the min- 
imal length of the grating. Note Pin and zq depend only 
on V and Tq when the power and detuning of the coupling 
laser is fixed. Fig. 4 gives Piniy) and ro(z^) with differ- 
ent Tq. The region where we can observe Bragg soliton 
is given by Pin < i^c/lO <C Pc and < L, where Pc is 
the power of coupling laser. L is the length of the cold 
atomic sample. When Tq = 2/j,s the workable region of 
V is 0.05 < < 0.25. When Tq = lO/zs, the work- 
able region of v is 0.0005 < \v\ < 0.05. So we can work 
in different range of parameter v by choosing different 
pulse width Tq. The lower limit of Tq is set by the width 
of the band gap. One thing worth noting is the input 
power Pin is very low. Compared with the experiments 
done in nonlinear fiber gratings (typical peak intensity 
required is about 10 GW/cm^), the power requirement 
here is modest. This advantage is due to the ultra slow 
group velocity Vg caused by the EIT effect and the larger 
Kerr coefficient caused by the giant Kerr effect. 

FigA 



In conclusion we have discussed the possibility of using 
a coherent medium to produce Bragg solitons. We have 
shown that by using a proper geometric configuration 
one can make an EIT medium to have both a tunable 
photonic band gap and a large Kerr nonlincarity. This 
scheme has two advantages. One is it requires very low 
light power. The other is it provides a large controllabil- 
ity over the properties of the medium. The modulation 
depth of refraction index and Kerr nonlincarity can be 
tuned by varying f2i and fie- 
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Figure Captions 

Fig. 1 (a) Energy diagram of the atom, (b) Geometric 
configuration of the lights. Coupling beam and probe 
beam are co-propagating. A standing wave is formed by 
a forward and a backward controlling fields Egf and Esb- 
Small angle (j) between the standing wave and probe beam 
is chosen so that ksCOS(f) = kp is fulfilled. 

Fig. 2 Real and imaginary parts of Xa X^^'' 
sus (see the text for parameters). Near the two- 

photon resonance the absorption is small while the Kerr 
nonlinearity is large. 

Fig. 3 (a) Reflectivity of the medium(see text for pa- 
rameters). A band gap appears near the two-photon reso- 
nance. Solid lines arc results when absorption is included 
while dash lines are results when there is no absorption, 
(b) Dispersion relation (with absorption), d is the period 
of the Bragg grating, (c) Dispersion relation (without ab- 
sorption). 

Fig. 4 Piniu) and To(i/) with different Tq. 



